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A HUREWICZ MODEL STRUCTURE FOR DIRECTED TOPOLOGY
SANJEEVI KRISHNAN AND PAIGE RANDALL NORTH
Abstract. This paper constructs an h-model structure for diagrams of streams, locally
preordered spaces. Along the way, the paper extends some classical characterizations
of Hurewicz fibrations and closed Hurewicz cofibrations. The usual characterization of
classical closed Hurewicz cofibrations as inclusions of neighborhood deformation retracts
extends. A characterization of classical Hurewicz fibrations as algebras over a pointed
Moore cocylinder endofunctor also extends. Monoids fully and faithfully embed into the
homotopy category of based streams.
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1. Introduction
A complex process in nature can be described by a state space equipped with some kind
of directionality reflecting the arrow of time. The qualitative behavior of such a process
is often invariant with respect to dihomotopy equivalences, deformations of the state space
that respect the given directionality. A precise definition of dihomotopy equivalence depends
upon the precise application of interest (cf. [3, 5, 10, 11, 17, 19, 14]). This paper focuses
on the simplest kind, a straightforward refinement of classical homotopy equivalence where
all homotopies are taken to be dihomotopies, or equivalently homotopies through directed
maps. Examples of behavior invariant in this sense include periodicity in certain dynamical
systems [8, Example 2.8], and some types of non-determinism in concurrent computations
[10]. A model structure on a category of directed spaces, where the weak equivalences are
dihomotopy equivalences, provides concrete methods for computing dihomotopy invariants
on a state space. An example of such a model structure is an h-model structure, a general-
ization of the Hurewicz model structure on spaces, for some suitable topologically enriched
category of directed spaces.
The purpose of this paper is to construct an h-model structure for streams, spaces
equipped with cosheaves of local preorders. There exist h-model structures in the liter-
ature for other formalisms of directed spaces [12, 22], although one of these formalisms
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(pospaces) is too restrictive to model the states of a looping process and the other two
formalisms (multipointed d-spaces and flows) are not purely topological in the sense that
they admit something like an arbitrary subdivision in time that a dihomotopy equivalence
cannot ignore. Streams, purely topological models of state spaces that can model looping
processes, jointly generalize structures from both order theory and geometry. For example,
the partial order of a compact Hausdorff connected topological lattice is the global cosection
of a unique such cosheaf [23, Lemmas 4.2,4.4]. For another example, the local causal orders
on a spacetime define such a cosheaf; in turn, the local causal orders on small enough open
neighborhoods [25, Theorem 1], and hence the entire cosheaf, completely determines the
smooth, causal, conformal structure. Thus the well-behaved category of streams is con-
venient for a nascent homotopy theory of spacetimes (cf. [1]). The formalism of streams
is also convenient for interpreting dihomotopy invariants. For example, the fundamental
monoid of a based stream (X, x) is group-free if x is not a vortex in the sense that the
local preorders on an open neighborhood basis of x are antisymmetric [15, Lemma 2.18];
thus group-freeness is a simple constraint on monoids realizable as fundamental monoids
of spacetimes. In practice, the existence of h-model structures on topologically enriched
categories formally follows from the commutativity of certain filtered colimits with certain
finite limits [2, Corollary 5.23]. That kind of commutativity is difficult if not impossible to
prove for streams because the cosheaf condition, a preservation of certain colimits, interacts
poorly with limits.
The existence proof for streams and more general G -shaped diagrams instead relies on
certain explicit characterizations of the (co)fibrations. Classical h-fibrations can be charac-
terized as algebras over the underlying pointed endofunctor of a certain monad, defined as
a kind of mapping cocylinder based on Moore paths [26]. Recent work extends that monad
to other bicomplete topologically enriched categories containing an object that suitably be-
haves like the non-negative reals [31]. This paper recalls that construction and extends the
classical characterization of h-fibrations, at least for streams [Theorem 3.3]. A characteriza-
tion of classical closed Hurewicz cofibrations as neighborhood deformation retracts extends
[Theorem 4.1]; the proof mimics classical arguments, but also requires some non-formal
properties of streams. The characterization of cofibrations will turn out to explain why
directed spaces in nature, such as spacetimes or state spaces of concurrent programs, almost
never decompose into h-homotopy colimits of simpler directed subspaces. The characteri-
zation also underscores the necessity of working in the setting of G -shaped diagrams: it is
impossible to bootstrap an h-model structure on streams for, say, based streams in such a
way that based streams in nature are both fibrant and cofibrant [Example 4.2]. The desired
existence follows [Theorem 5.1].
Section §2 recalls the definition and some properties of streams. Section §3 defines and
characterizes h-fibrations. Section §4 defines and characterizes h-cofibrations. Section §5
proves the existence of an h-model structure whose (co)fibrations are the h-(co)fibrations.
Proofs often directly cite formal properties of h-(co)fibrations in general bicomplete topolog-
ically enriched categories; the reader is referred elsewhere [6, 28, 35] for the general theory.
The main results of this paper carry over to other purely topological models of directed
spaces like d-spaces [17] (that are not multipointed and with enrichment induced by for-
getting to spaces). Running examples [Examples 2.2, 2.4, 2.9, 2.10, 5.2] illustrate how the
category of monoids fully and faithfully embed into the homotopy category for the case
G = (• → •). This embedding suggests how the h-model structure allows for an alternative
to existing generalizations of homological algebra for monoids cf. [7, 33, 21]). Section §6
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discusses how this potential application of the h-model structure in turn suggests the need
for axiomatizations of dihomotopy beyond model structures.
Conventions. Notate special categories and functors as follows.
[n] ordinal {0 < 1 < · · · < n}
P preordered sets and monotone functions
K connected, compact Hausdorff topological lattices and homomorphisms
T weak Hausdorff k-spaces and continuous maps
U weak Hausdorff k-streams and stream maps
Write ⋆ for a terminal object in a given category. Let 1o denote the identity of an object o in
a given category. Write πo for the component of a universal cone in a given category, evident
from context, with codomain o. Let G denote an arbitrary small category. The prefix G will
indicate that an object is indexed by G . For example, a G -set is a G -shaped diagram in the
category of sets and a G -function is a natural transformation of G -sets. Write X [1] for the
arrow category of a category X . Given an adjunction F ⊣ G, the adjoint of a morphism
of the form x→ Gy or Fx→ y will denote the corresponding morphism of the other form;
let adj(ζ) denote the adjoint of a morphism ζ in a given category across a given adjunction.
The phrases left lifting property, right lifting property will be respectively abbreviated LLP,
RLP. Let R+ denote the subspace [0,∞) ⊂ R.
2. Streams
This section recalls some of the theory of streams ; the reader is referred elsewhere for the
point-set theory [23], including comparisons with other formalisms for directed spaces, and
the associated homotopy theory [24]. A circulation on a space X is a function
6: U 7→ 6U
assigning to each open subset U ⊂ X a preorder 6U on U such that 6 sends the union of a
collection O of open subsets of X to the preorder with smallest graph containing the graph
of 6U for each U ∈ O [23]. A stream is a space equipped with a circulation on it [23].
Example 2.1. Every space admits an initial circulation 6 defined by
x 6U y ⇐⇒ x = y ∈ U
Example 2.2. For each n-spacetime M , the function
U 7→ 6U
assigning to each open subspacetime U ⊂M the causal order 6U on U defines a circulation
on M . In particular, the circle S1 will henceforth be regarded as a stream by equipping it
with the circulation defined by a time-orientation on S1. On a sufficiently fine open cover,
the circulation on S1 assigns each open subset a total order. Let ∞ denote a fixed point in
S1.
A continuous map f : X → Y of streams is a stream map if f(x) 6U f(y) whenever
x 6f−1U y [23]. A k-space if X is a colimit of compact Hausdorff spaces in the category
of spaces and continuous maps. Similarly, a k-stream is a colimit of compact Hausdorff
streams in the category of streams and stream maps [23]. The underlying space of a k-
stream is a k-space because the forgetful functor from streams and stream maps to spaces
and continuous maps is cocontinuous [23, Proposition 5.8]. A space X is weak Hausdorff if
images of compact Hausdorff spaces in X are Hausdorff.
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Theorem 5.4, [23]. Locally compact Hausdorff streams are weak Hausdorff k-streams.
Let T denote the complete, cocomplete, and Cartesian closed [29] category of weak
Hausdorff k-spaces and continuous maps between them. Let U denote the category of
weak Hausdorff k-streams and stream maps. Redefine space and stream, like elsewhere
(cf. [23, 27]), to means objects in the respective categories T and U . Let K denote the
connected compact Hausdorff topological lattices whose underlying spaces are connected and
continuous lattice homomorphisms between them. Such objects will henceforth be regarded
as streams, as noted in the following special case of a more general observation [23, Lemmas
4.2, 4.4 and Example 4.5].
Theorem 2.3. There exists a full and faithful embedding
K → U
naturally sending a compact Hausdorff connected topological lattice L to its underlying space
equipped with the unique circulation sending X to the associated partial order 6L on L.
Example 2.4. Let BX denote the geometric realization of the simplicial nerve of a small
category X . The construction B preserves finite products and hence induces the structure
of a topological lattice on BL natural in lattices L. In this manner, B[n] naturally defines
a stream [Theorem 2.3]. Hence BX can be redefined as the colimit
BX = colim[n]→XB[n]
in U . This classifying stream BX of a small category X encodes the directionality implicit
in the arrows of X as the circulation on BX .
The forgetful functor U → T lifts topological constructions in the following sense.
Proposition 5.8, [23]. The forgetful functor makes U topological over T .
In other words, each class of continuous maps fi : X → Yi from a space X to streams Yi
induces a terminal circulation on X making the fi’s stream maps X → Yi. Equivalently and
dually, each class of continuous maps from streams to a fixed space induces a suitably initial
circulation on that space. In particular, the forgetful functor U → T creates limits and
colimits. The reader is referred elsewhere [4] for the basic theory of categories topological
over other categories. The forgetful functor U → P to the category P of preordered sets
and monotone functions is the functor naturally sending a stream X to its underlying set
equipped with the preorder that the circulation 6 on X assigns to X itself.
Proposition 5.11, [23]. The forgetful functor U → P is Cartesian monoidal.
The forgetful functor U → P preserves those colimits of streams which are colimits of
underlying sets [23, Lemma 3.18]; a special case is the following observation.
Lemma 2.5. The forgetful functor U → P preserves . . .
(1) . . . coproducts; and
(2) . . . quotients of streams by equivalence relations with closed graphs
Say that a stream map f : X → Y pushes forward the circulation on X to the circulation
on Y if x 6f−1U y whenever f(x) 6U f(y) for all choices of x, y ∈ X and open U ⊂ Y .
Lemma 2.6. Consider a stream X and space Y . The stream map
∐y∈YX
∐y1X×({y}→֒Y )
−−−−−−−−−−−→ X × Y
pushes forward the circulation on its domain to the circulation on its codomain.
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Proof. Take open substreams U ⊂ X and V ⊂ Y . For x1, x2 ∈ U and y1, y2 ∈ V ,
(x1, y1) 6U×V (x2, y2) ⇐⇒ x1 6U x2, y1 6V y2
⇐⇒ x1 6U x2, y1 = y2
⇐⇒ (x1, y1) 6∐y∈V U (x2, y2)
with the first line by the forgetful functor U → P Cartesian monoidal [Proposition 5.11,
[23]], the second line by the initiality of the circulation on Y , and the third line by the
forgetful functor U → P preserving coproducts [Lemma 2.5]. 
A substream of a stream Z is a stream Y for which inclusion of underlying sets defines
a stream map Y → Z such that every stream map X → Z whose image is a subset of
Y corestricts to a stream map X → Y . Every subset of a stream has the structure of a
substream, where the topology is the k-ification of the subspace topology, by the forget-
ful functor U → T topological. The circulation of a substream is generally difficult to
ascertain; an exception is when the substream defines an open subset.
Example 2.7. An open substream is an open subspace with a restricted circulation.
Let X →֒ Y denote an inclusion of a substream X into a stream Y . More generally let
X →֒ Y denote a G -stream map X → Y which, up to isomorphism of G -streams evident
from context, is an objectwise inclusion of streams.
Theorem 5.12, [23]. The category U is Cartesian closed.
Corollary 2.8. The category U G is complete, cocomplete, and Cartesian closed.
Henceforth U G will be regarded as Cartesian monoidal. For each G -stream X , write
X(−) for the right adjoint to X × −. A based stream (X, x) is a stream X equipped with
a distinguished point x ∈ X , regarded as the [1]-stream {x} →֒ X ; a based stream map is a
[1]-stream map of based streams. Henceforth regard a stream as a constant G -stream and a
G -space as a G -stream with objectwise initial circulations. In particular, U G is bicomplete
T -enriched with enrichment and cotensor defined by restrictions of the closed structure and
tensor defined by restriction of binary products. The dihomotopy relation can be defined in
terms of this enrichment. Fix G -stream maps f, g as in the left of the diagrams
Y
f //
Y×({0}→֒I)

Z
Y × I
h
99
Y
Y×({1}→֒I)
oo
g
OO X × I
πX //
i×I

X
fe=ge

Y × I
h
// Z
Write h : f ∼ g for a dotted G -stream map making the left of the diagrams commute. For
a G -stream map i : X → Y , write h : f ∼ g relative i if the right diagram commutes.
Example 2.9. For a monoid M , the stream map
B(⋆→M) : ⋆→ BM
turns the classifying stream BM [Example 2.4] into a based classifying stream B⋆M .
Example 2.10. Let τ1(X, x) denote the ∼-class of based stream maps
(S1,∞)→ (X, x)
natural in based streams (X, x). The co-H structure of the based circle induces a multipli-
cation turning τ1(X, x) into a monoid, the fundamental monoid of (X, x). For some simple
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calculations τ1(S
1,∞) is the additive monoid N of natural numbers by a covering space ar-
gument [15, Proposition 2.23] and the fundamental monoid τ1B⋆M of the based classifying
stream B⋆M [Example 2.9] of a monoid M is M by an adaptation of arguments for cubical
approximations of directed paths and dihomotopies through directed paths [9, Theorems
4.1, 5.2].
Call a G -stream map f : X → Y h-acyclic if there exists a G -stream map g : Y → X
with gf ∼ 1X and fg ∼ 1Y . An h-equivalence of G -streams is an h-acyclic G -stream map.
The working definition of a dihomotopy equivalence in this paper is an h-equivalence of
G -streams.
3. Fibrations
Call a G -stream map f an h-fibration if f has the RLP against X × ({0} →֒ I) for each
G -stream X . The purpose of this section is to characterize the h-fibrations of G -streams
as algebras over the underlying pointed endofunctor of a Moore path monad Γ, defined
as follows. Define stream ΠX and stream maps codΠX , domΠX , idΠX by the following
commutative diagram below, where the outer right rectangle is a pullback diagram defining
ΠX as a pullback, natural in streams X .
X ΠX X
X
XR+ XR+ × R+ X
R+
codΠXdomΠX
XR+→⋆
idΠX 1X
XR+→⋆×({0}→֒R+)
X{0} →֒R+
adj(X
max:R2+→R+ )
π
X
R+
In other words, ΠX is a stream of all pairs (ζ, t) of stream map ζ : R+ → X , with R+
regarded as a stream with initial circulation, and t ∈ R+ with ζ constant on [t,∞). Thus
ΠX is the classical Moore path space (cf [2]) of the underlying space of X equipped with a
natural circulation. This Moore path space underlying ΠX is the morphism part of a Moore
path category, a topological category with identity, codomain, and domain structure maps
respectively given by idΠX , codΠX , and domΠX .
Proposition 3.1. There exists a stream map
◦ΠX : (ΠX)×codΠX ,domΠX (ΠX)→ ΠX
natural in streams X, defining the composition operation of a category internal to U with
object stream X, morphisms stream ΠX, and identity, domain, and codomain structure
maps given by idΠX , codΠX , domΠX .
In other words, X and ΠX are respectively the object and morphisms streams of a
category internal to U ; the composite (ζ2, t2) ◦ΠX (ζ1, t1) = (ζ1 ∗ ζ2, t1 + t2), where ζ1 ∗ ζ2
informally is the map R+ → X which first executes the path ζ1 on [0, t1], then executes the
path ζ2 on [t1, t1 + t2], and then stays constant on [t1 + t2,∞). This operation, continuous,
defines the composition of a classical Moore path category (cf [2]). The main task of the
proof is to demonstrate that this operation defines a stream map.
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Proof. For t ∈ R+, define continuous maps
it : {t} →֒ R+
rt = min(−, t) : R+ → [0, t]
δ−t : {0} →֒ [0, t]
δ+t : {t} →֒ [0, t]
Let a, b ∈ R+. Consider the solid morphisms in the diagram
X [0,a] ×X [0,b] X [0,a] ×
Xδ+a ,X
δ−b X
[0,b] X [0,a+b] X [0,a+b]
(XR+ × R+)
2 ΠX ×codΠX ,domΠX ΠX ΠX X
R+ × R+
(Xra×ia)×(X
rb×ib) I
∼=
II III
X
ra+b×ia+b
◦ΠX
where ∼= denotes the isomorphism induced from the identification [0, a]∪1,0 [0, b] ∼= [0, a+ b]
induced from inclusion [0, a] →֒ [0, a+ b] and the embedding x 7→ x+ a : [0, b] →֒ [0, a+ b].
There exist dotted vertical functions, stream maps by universal properties of substreams
and unique by monicity of the bottom left and right arrows, making I and III commute.
There exists a bottom dotted horizontal continuous map, defined by composition of paths
in classical Moore path categories, making II commute in T .
The coproduct over all a, b of the leftmost vertical arrow, and hence also the leftmost
dotted arrow, are objectwises bijective stream maps pushing forward objectwise circulations
of their domains onto objectwise circulations of their codomains [Lemma 2.6]. It follows
that ◦ΠX is a stream map because the middle top horizontal arrow is a stream map for each
a, b. The map ◦ΠX is a composition operation for a category internal to T , the classical
Moore path category, and hence a category internal to U . 
More generally, let ΠX and codΠX , domΠX , idΠX , ◦ΠX denote the induced constructions
of G -stream and G -stream maps, natural in G -streams X . These structure maps turn ΠX
into the morphism G -stream of a category internal to U G by naturality. A construction like
Π formally yields an associated algebraic weak factorization system (cf. [31, 36]), detailed
as follows. Define G -stream X ×f ΠY and G -stream maps dom
∗
ΠY f, f
∗domΠY , Lf,Γf by
the following commutative diagrams natural in G -stream maps f : X → Y .
X ×f ΠY ΠY
X
X Y
dom∗ΠY f
f∗domΠY domΠY
Lf
1X
idΠY f
f
f
X X ×f ΠY
Y ΠY
ηf
f
Lf
dom∗ΠY fΓf
codΠY
Thus Γ will be regarded as an endofunctor on (U G )[1] pointed by the unit η whose compo-
nents are defined by the commutative triangle above.
Proposition 3.2. Commutative diagrams of the following form
X ×f ΠY ×codΠY ,domΠY ΠY X ×f ΠY
Y Y
Γ2f Γf
8 SANJEEVI KRISHNAN AND PAIGE RANDALL NORTH
where the top horizontal stream map is naturally induced by ◦ΠY : ΠY ×codΠY ,domΠY ΠY ,
define a multiplication µ : Γ2 → Γ turning Γ into a monad.
The proof relies on the fact that the restriction and corestriction of Γ to a pointed
endofunctor on U [1] underlies a monad with monad multiplication defined as the restriction
and corestriction of the multiplication in the statement of the proposition [2].
Proof. The forgetful functor T : U [1] → T [1] is faithful and the composite TF of T with
its left adjoint F is the identity 1T [1] . In the case G = ⋆, TµF is a multiplication turning
the pointed endofunctor TΓF into a monad on T [1] and therefore µ turns Γ into a monad.
The case for general G follows by naturality. 
More generally, Γ will denote the induced monad on (U G )[1].
Theorem 3.3. The following are equivalent for a G -stream map f .
(1) f is an h-fibration
(2) f underlies an algebra over the pointed endofunctor Γ
The proof of (2) =⇒ (1) uses a formal characterization of h-fibrations in a bicomplete
T -enriched category as algebras over a certain pointed endofunctor N [6, Proposition 2.5],
constructed in the proof for the particular setting of G -streams, on the associated arrow
category.
Proof. Take f : X → Y . (1) =⇒ (2): Assume (1). Consider the solid commutative diagram
{0} [0, 1] [0, 2] [0, 3] · · · R+
{0} I I2 I3 · · · Iω
{0} [0, 1] [0, 2] [0, 3] · · · R+
i1 i2 i
I×({0}→֒I) I2×({0}→֒I)
v 7→v1+v2
I
3×({0}→֒I)
v 7→v1+v2 r
of spaces and continuous maps defined by in(x) = (1, 1, . . . , 1, x− n+ 1) for n− 1 6 x 6 n.
In each column, the bottom solid vertical arrow is a retraction to the top solid vertical
arrow. Thus the vertical arrows induced dotted continuous maps i, r between the transfinite
composites of the rows with r a retraction to i. Let F be the endofunctor
F = (X ×f ΠY )×− : U
G → U G ,
cocontinuous by U G Cartesian closed and therefore preserving transfinite composites. Then
f has the RLP against F ({0} →֒ Iω) because it has the RLP against the image of each of
the middle horizontal arrows under F . Thus f has the RLP against F ({0} →֒ R+) by Fr a
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retraction to Fi. Then there exists a dotted G -stream map ℓ making the diagram
X X
X ×f ΠY
X ×f ΠY × R+
X ×f ΠY Y,
1X
Lf
Lf f
πX
F ({0}→֒R+)
ℓ
adj(1
Y
R+
)(π
Y
R+
×R+)
Γf
(1X×fΠY )×πR+
commute. The composite ℓ ◦ (1× πR+) gives the desired algebra structure for f .
(2) =⇒ (1): Define Nf, ηf , natural in f , by the commutative diagram
(1)
X ×f Y
I Y I
X
X Y,
Nf Y {1} →֒I
ηf
1X
Y ({1} →֒I)f
f
f
whose outer square is a pullback diagram. Thus N defines a pointed endofunctor
N : (U G )[1] → (U G )[1].
Consider the solid G -streams in the diagram
Y I Y I
ΠY Y R+ × R+
if Y
min(−,1):R+→I×({1}→֒R+)
There exists a dotted G -function, unique by the right vertical arrow monic, hence a G -
stream map if by the bottom horizontal arrow an inclusion of substreams and natural in
f by unicity, making the entire diagram commute. Applying the pullback functor f∗ to if
defines the f -component of a map N → Γ of pointed endofunctors. If (2), then f is an
N -algebra and therefore (1) [6, Proposition 2.5]. 
4. Cofibrations
Call a G -streammap f an h-cofibration if f has the LLP againstE{0}→֒I for each G -stream
E.
Theorem 4.1. The following are equivalent for a G -stream map e : X → Y .
(1) e has the LLP against all h-acyclic h-fibrations
(2) e is an h-cofibration
10 SANJEEVI KRISHNAN AND PAIGE RANDALL NORTH
(3) There exist dotted arrow u making the square
(2)
X Y
{0} I
e
u
a pullback square and a stream map f ∼ 1Y relative e such that for each G -object
o, fo(y) ∈ X(o) whenever uo(y) < 1
The proof of (1) =⇒ (2) follows from the formal fact that o{0}→֒I is an h-fibration for all
objects o in a bicomplete T -enriched model category M [28, Lemma 4.2.4 (i)]. The proof of
(2)⇐⇒ (3) uses the established case where f is a continuous map of spaces [35, Theorem 2],
the characterization of h-cofibrations between spaces as neighborhood deformation retracts,
and mimics a classical argument [35, proof of Theorem 4]. The proof of (3) =⇒ (1) mimics
another classical argument [35, proof of Theorem 3], but also uses the initiality of the
circulation on I. The proof of (3) =⇒ (2) uses the facts that an h-cofibration of spaces
is a topological embedding [35, Theorem 1] and that the inclusion of a mapping cylinder
M(e : X → Y ) into Y × I admits a strong deformation retraction if e is an h-cofibration of
spaces [35, Lemma before Theorem 3].
Proof. Let o denote a G -object. Let T denote the forgetful functor
T : U → T .
Define Me and j by the commutative diagram whose outer square is a pushout square.
(3)
X × I Me
Y × I
X Y
e×I j
X×({0}→֒I)
e
Y×({1}→֒I)
Y×({1}→֒I)
(1) =⇒ (2): Assume (1). Then e has the LLP against Z{0}→֒I, an h-acyclic h-fibration
[28, Lemma 4.2.4 (i)], for each G -stream Z.
(2) =⇒ (3): Assume (2). Then j admits a retraction r [6, Proposition 2.5]. Define
f, u, h : 1Y ∼ f relative e by the commutative diagrams
Y
f //
adj(r)

adj(h)
❑
❑
❑
❑
❑
%%❑❑
❑
❑
❑
Y = Y {1}
(Me)I
(πY j)
I
// Y I
Y {1} →֒I
OO Y
u //
adj(r)

I
(Me)I
(πIj)
I
// II
ζ 7→sup t∈I|t−ζ(t)|
OO
For each o and y ∈ Y (o) with uo(y) < 1,
|1− (πIj)o(ro(y, 1))| < 1 =⇒ (πIj)o(ro)(y, 1) > 0
=⇒ jo(ro(y, 1)) ∈ X(o)× I
=⇒ (πY j)o(ro(y, 1)) = fo(y) ∈ X(o)
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Therefore f restricts and corestricts to a retraction, from the objectwise closed substream
Y ×u [0, 1/2] of Y , to e. Thus e can be taken to be an inclusion of a substream with objectwise
closed image.
Fix o. For each y ∈ u−1o (0), ro(y, t) ∈ X(o) × I for all t > 0 and hence also for t = 0
by X(o) × I closed in Y (o) × I. Thus u−1o (0) ⊂ X(o). Conversely for each x ∈ X(o),
ro(x, t) = (x, t) for all t ∈ I and hence uo(x) = 0. Thus X(o) ⊂ u
−1
o (0).
Thus e = u∗({0} →֒ I) as functions and hence as stream maps by X a substream of Y .
Hence (3).
(3) =⇒ (2): Posit u, f and h : 1X ∼ f relative e as in (3).
Note Te = T (u∗{0} →֒ I) = (Tu)∗({0} →֒ I) and Th : 1TY ∼ Tf relative Te [Proposition
5.8, [23]]. The continuous map Te, having objectwise closed image by {0} closed in I, is
an objectwise Hurewicz cofibration [35, Theorem 2] and can therefore be taken to be a
objectwise inclusion of spaces [35, Theorem 1]. Then j admits a retraction [35, Lemma
before Theorem 3] and hence can also be taken to be an objectwise inclusion of spaces.
Fix o. Let U denote an open subset of Y (o). Let V denote an open subset of I; for each V ,
let V0 = V ∩{0}. The topology of (Me)(o) has as a basis sets of the form (Me)(o)∩ (U ×V )
by (Me)(o) a subspace of Y (o)× I. Consider sets of the form
ΓY (o)×I((Me)(o) ∩ (U × V ))(4)
ΓY (o)×V0((Y (o) ∩ U)× V0) ∐ ΓX(o)×I((X(o) ∩ U)× V )(5)
Γ(Me)(o)((Me)(o) ∩ (U × V )),(6)
where ΓZ(W ) denotes the graph of the preorder that the circulation on the substream W
of a stream Z assigns to W itself. Firstly, (4)=(5) [Lemma 2.6]. Secondly, (5)=(6) because:
the circulation on (Me)(o) makes (6) the smallest graph of a preorder containing (5) [Lemma
2.5 ] and (5) defines a circulation on (Me)(o). Thus (4)=(6)
Thus Me, whose objectwise circulations agree with the objectwise circulations of a sub-
stream of Y × I on bases and hence everywhere, is a substream of Y × I. Hence h corestricts
to a retraction to j. Hence (2) [6, Proposition 2.5].
(2) =⇒ (1): Assume (2). Then j is an h-acyclic h-cofibration [6, Proposition 2.10]. For
clarity, let X ′ =Me and Y ′ = Y × I. There exist retraction r to j and h : 1Y ′ ∼ jr relative
j [28, Lemma 4.2.5 (i)]. There exists u : Y ′ → I with ({0} →֒ I)∗u = j by (2) =⇒ (3). It
suffices to show j has the LLP against all h-fibrations [28, Lemma 4.2.4 (ii)]. Let s be the
continuous map I2 → I defined by
s(ε1, ε2) = min(1, ε
−1
1 ε2).
Consider the left of the commutative diagrams
X ′
f ′ //
j

Z ′
g

Y ′
f ′′
//
f ′′′
==
Z ′′
Y ′
f ′r //
Y×({0}→֒I)

Z ′
g

Y ′ × I
((1Y ′×u)×I)
//
j′
11
Y ′ × I2
Y ′×s
// Y ′ × I
h
// Y ′
f ′′
// Z ′′
of solid arrows with g an h-fibration. There exists a dotted arrow j′ making the right
diagram commute by g an h-fibration. Then f ′′′ = j′(1Y ′ × u) makes the left diagram
commute. 
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The pullback criterion for h-cofibrations highlights a practical difference between classical
homotopy and dihomotopy. Take G = ⋆. In the case where i is an inclusion of spaces in
nature (the circulations on X,Y both initial, the topology of Y normal), Urysohn’s Lemma
implies the existence of a pullback square (2). In the case where i describes an inclusion of
state streams in nature (there exist x ∈ X and y ∈ Y − X with x 6Y y or y 6Y x), the
triviality of 6I precludes the existence of a pullback square (2).
Example 4.2. An inclusion of streams of the form
⋆ →֒ S1
is not an h-cofibration because ∞ 6S1 x 6S1 ∞ for all x ∈ S
1. Thus the isomorphism type
of the fundamental monoid τ1(X, x) is generally dependent on the choice of basepoint x,
even on a path-connected stream X .
5. Model structure
The classical Hurewicz model structure on T thus extends to the following model struc-
ture on G -streams.
Theorem 5.1. There exists a model structure on U G in which . . .
(1) weak equivalences are the h-equivalences
(2) fibrations are the h-fibrations
(3) cofibrations are the h-cofibrations
This model structure is both proper and Cartesian monoidal. The forgetful functor U G →
T G is both a left and right Quillen maps from this model structure to an h-model structure
on G -spaces.
The proof hinges on the construction of an (h-acyclic h-cofibration, h-fibration) factor-
ization system. The argument that the left side of this system satisfies the requisite lifting
properties mimics a proof for the classical setting [2, proof of Corollary 3.12].
Proof. In the functorial factorization f = (Γf)(Lf), Γf is an algebra over the pointed
endofunctor Γ [Proposition 3.2] and hence an h-fibration [Theorem 3.3]. It suffices to show
that Lf is an h-acyclic h-cofibration. A proper model structure, Cartesian monoidal [34,
Theorem 2.7], satisfying (1), (2), and (3) would then exist [28, Theorem 4.3.1]. The last
sentence would follow from the forgetful functor U G → T G a T -enriched left and right
adjoint.
Therefore consider the diagram
X ×f ΠY × I X ×f ΠY
X × Y R+ × R+ × I X × Y
R+ × R+
X×(adj(Y sπ
′
:Y R+→R+×R+×I)×sπR+×I)
where s : R+ × I → R+ is multiplication and π
′ : R+ × R+ × I → R+ × I is projection
onto first and third factors. There exists a dotted G -function, a G -stream map and hence
(Lf)r ∼ 1X×Y ΠY relative Lf , by the right vertical arrow a G -stream embedding, making
the diagram commute.
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Let r = f∗domΠY . Define the G -stream map u by the commutative rectangle
X ×f ΠY I
ΠY R+
u
dom∗ΠY f
πR+
min(1,−)
Then u∗({0} →֒ I) = Lf as G -functions and hence as G -streams maps because Lf , a section
to r, is a G -stream embedding. Thus Lf is an h-cofibration [Theorem 4.1], h-acyclic by
(Lf)r ∼ 1X×Y ΠY and r(Lf) = 1X . 
Example 5.2. The construction B⋆ [Example 2.9] induces a full and faithful embedding
M →֒ hU [1]
to the homotopy category hU [1] because its corestriction to the full subcategory of based
streams admits a retraction induced by τ1 [Example 2.10].
6. Conclusion
The running examples demonstrate how the h-model structure makes it possible to ex-
tend some convenient constructions on groups for monoids M , as encoded as their based
classifying streams B⋆M . For example (co)kernels of monoid homomorphisms φ : M1 →M2
can be defined as homotopy (co)fibers of based stream maps B⋆φ : B⋆M1 → B⋆M2. For
another example, directed (co)homology theories (cf. [13, 18]) applied to B⋆M yield invari-
ants on monoids M . An interpretation of B⋆M as some universal construction, some sort of
dihomotopy colimit, would facilitate the calculation and intepretation of these homological
invariants on M . Unfortunately, the h-homotopy colimit of the constantM -shaped diagram
of the terminal based stream is not the based classifying stream [Example 2.4] B⋆M of
M , but instead the underlying based space equipped with the initial circulation that gen-
erally forgets information about M . The desired universal characterization likely requires
axiomatizations of dihomotopy beyond model structures (cf. [16, 20, 30, 32]).
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